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We analyzed the magneti behavior of a S-spin system within framework of the Tsallis nonexten-
sive statistis, employing the normalized approah. Unusual properties on magnetization, entropy
and suseptibility emerge, as a onsequene of nonextensivity. We further show that the nonex-
tensive approah an be relevant to the eld of manganites, materials whih exhibit long-range
interations and fratality, two basi ingredients for nonextensivity. Our results are in qualitative
agreement to experimental data in La0.67Ca0.33MnO3 and Pr0.5Ca0.5Mn0.95Ga0.05O3 manganites.
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I. INTRODUCTION
In 1988, Tsallis[1℄ proposed a q-dependent entropy
funtional whih generalized the standard Maxwell-
Boltzmann denition, to inlude non-extensive systems.
In this formalism, "q" is alled the entropi index, and
measures the degree of nonextensivity of the system. A
few years latter, Curado and Tsallis[2℄ revised the for-
malism introduing the unormalized onstraint to the
internal energy and showed that from this entropy fun-
tional a nonextensive thermodynamis ould be derived.
This generalization inluded the lassial thermodynam-
is (Maxwell-Boltzmann), whih ould be reovered when
q is set to unity.
After Curado and Tsallis work, this formalism has been
suessfully applied to various physial systems, where
Maxwell-Boltzmann framework fails. These inlude: self-
gravitating systems[3, 4℄, turbulene[5, 6, 7, 8℄, anoma-
lous diusion[9, 10, 11, 12℄, veloities of galaxies[13℄, solar
neutrinos[14℄, et.
In spite of these suesses, some drawbaks were iden-
tied in the early formalism, namely: (a) the density op-
erator was not invariant under a uniform translation of
energy spetrum; (b) the q-expeted value of the iden-
tity operator was not the unity; () energy was not
onserved[15℄. In a more reent work, Tsallis et al.[15℄
irumvent these diulties introduing the normalized
onstraint to the internal energy of the system.
Conerning appliations to magneti systems, the un-
ormalized formalism was used by Portesi et al.[16℄ and
Nobre et al.[17℄, to desribe the paramagneti behavior
of a system with N spins 1/2. The authors found a non-
measurable magneti suseptibility, sine it was exponen-
∗
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tially dependent on the number N of partiles. Martínez
et al.[18℄ analyzed the same S=1/2 system in the frame-
work of the normalized formalism[15℄, nding a similar
result to that reported by the Portesi et al. and Nobre
et al.
In the present work, we analyzed the paramagneti
behavior of N spins S, within the normalized formalism
and showed that the system eetive temperature T does
not relate with the inverse of the Lagrange multiplier β,
as it is normally assumed, but with the inverse of a re-
saled parameter β∗ (T = 1/kβ∗), already introdued
by Tsallis[15℄. In this approah, the unreal result found
by Portesi[16℄, Nobre[17℄ and Martínez[18℄ was no longer
found and the suseptibility beame proportional to num-
ber of partiles, as it is experimentally expeted. In these
early works, no attempt was made to orrelate theoretial
results to experimental magneti systems of any kind.
We also suggest that the manganites are physial sys-
tems where the present onepts an be tested. Experi-
mental data of Amaral et al.[19℄ and Hébert et al.[20℄, are
in qualitative agreement with the results here reported.
An analysis of non-extensivity in manganites in the fer-
romagneti phase, also taking T = 1/kβ∗ as an eetive
temperature, was already published elsewhere[21℄.
II. THE MODEL
We onsider the Hamiltonian of a single spin S in a
stati and homogeneous magneti eld:
Hˆ = −~ˆµ · ~B = −µˆzB = −gµB SˆzB (1)
where g=2, for J=S. The q-generalized magneti mo-
ment thermal average 〈µˆz〉q is:
〈µˆz〉q = gµB〈Sˆz〉q = gµBSB
(q)
S
(2)
2where 〈Sˆz〉q is q-generalized thermal average spin oper-
ator and B(q)
S
is the generalized Brillouin funtion. This
rst quantity an be determined in the Tsallis framework
of normalized q-expetation values[15℄, from:
〈Sˆz〉q =
Tr{ρˆqSˆz}
Tr{ρˆq}
(3)
where ρˆ is the density operator, derived from the max-
imization of the entropy. Below, we analyze two dierent
proposals for the entropy and show that re-saling the
Lagrange parameter, the same density operator emerges
from both denitions.
A. Tsallis Entropy
The entropy of the system is dened as[1, 2, 15℄:
Sq = Tr{ρˆ
qSˆq} =
k
(q − 1)
[1− Tr{ρˆq}] (4)
where,
Sˆq = −k lnq ρˆ (5)
and k a positive onstant. The generalized logarithm
is dened as[22℄:
lnq f = (1 − q)
−1(f1−q − 1) (6)
The orresponding density operator ρˆ an be deter-
mined from the maximization of the Sq funtional, sub-
jeted to q-normalized onstraint[15℄:
Uq =
Tr{ρˆqHˆ}
Tr{ρˆq}
(7)
and the normalization of density operator Tr{ρˆ} = 1,
leading to:
ρˆ =
1
Zq
[
1− (1− q)
β
Tr{ρˆq}
(Hˆ − Uq)
] 1
1−q
(8)
where Zq is the generalized partition funtion:
Zq = Tr
{[
1− (1 − q)
β
Tr{ρˆq}
(Hˆ − Uq)
] 1
1−q
}
(9)
and β is the Lagrange parameter assoiated to internal
energy onstraint[15, 23℄. In this ase, the entropy has a
well dened onavity, for any value of q, being onave
for q > 0, and onvex for q < 0[1, 2, 15, 23℄.
B. Normalized Tsallis Entropy
If the entropy funtional Sˆq is dened as proposed by
Rajagopal and Abe[24℄:
Sq =
Tr{ρˆqSˆq}
Tr{ρˆq}
=
k
(q − 1)
[
1
Tr{ρˆq}
− 1
]
(10)
the density operator ρˆ an be determined in a similar
way as above, yielding:
ρˆ =
1
Zq
[
1− (1− q)βTr{ρˆq}(Hˆ − Uq)
] 1
1−q
(11)
Zq = Tr
{[
1− (1− q)βTr{ρˆq}(Hˆ − Uq)
] 1
1−q
}
(12)
In this ase, the q parameter is restrited to the interval
0 ≤ q ≤ 1, preserving the entropy onavity[24℄.
The density operators emerging from both enarios
(Eq.8 and 11) an be re-written in the form:
ρˆ =
1
Z ′q
[
1− (1− q)β∗Hˆ
] 1
1−q
(13)
Z ′q = Tr
{[
1− (1− q)β∗Hˆ
] 1
1−q
}
(14)
where,
β∗ =
β
Tr{ρˆq}+ (1− q)Uqβ
(15)
for the ase A, and:
β∗ =
β
1
Tr{ρˆq} + (1− q)Uqβ
(16)
for ase B. Here, we suggested that the eetive tem-
perature is:
T =
1
kβ∗
(17)
and the density operator beomes independent of the
initial entropy funtional.
The magneti behavior of a S-spin system will be ana-
lyzed as a funtion of the parameter x∗ = gµ
B
SBβ∗. In
fat, in terms of x∗, the generalized Brillouin funtion, is
given by:
B
(q)
S =
1
S
〈Sˆz〉q =
1
S
+S∑
ms=−S
ms
[
1 + (1− q)x∗ms
S
] q
1−q
+S∑
ms=−S
[
1 + (1 − q)x∗ms
S
] q
1−q
(18)
3It is to be remarked that ut-o proedure[23, 25, 26,
27℄ implies that those states that do not satisfy the on-
dition:
1 + (1− q)x∗
ms
S
≥ 0 (19)
must be exluded from the summation. In other words,
these states are assigned with a zero probability ampli-
tude, preserving the positive denition of the density
operator[16℄.
For a system onstituted by N spins S partiles the q-
generalized spin operator thermal average (Eq.3), an be
written as:
〈Sˆz〉q,N =
+NS∑
ms=−NS
Y (ms)ms
[
1 + (1 − q)x∗ms
S
] q
1−q
+NS∑
ms=−NS
Y (ms)
[
1 + (1 − q)x∗ms
S
] q
1−q
(20)
where, Y (ms) is the multipliity and :
NS∑
ms=−NS
Y (ms) = (2S + 1)
N
(21)
In the partiular ase of N 1/2-spins partiles, Y (ms)
is simply given by:
Y (ms) =
N !(
N
2 −ms
)
!
(
N
2 +ms
)
!
(22)
III. RESULTS AND DISCUSSION
When q is dierent from unity, general expressions for
magneti observables are diult to alulate and inter-
pret, even for simple systems. This hinders the ompari-
son between theoretial preditions and experimental re-
sults. Numerial methods, on the other hand, provide a
means to diretly alulate observables, allowing a deeper
understating of the theoretial results.
Figure 1 displays the generalized Brillouin funtion
B(q)
S
vs. x∗ (Eq.18), for dierent values of q and S=5/2.
For q up to 0.5, a series of kinks appear in the urve. One
also notes that the saturation value B(q)
S
|
SAT
dereases
with dereasing q. This is more learly shown in gure
2(a) and (b), where B(q)
S
|
SAT
is plotted as a funtion of q,
for half-integer and integer spin values, respetively. The
behavior of a lassial spin is also inluded and an be
exatly alulated from Eq.18 with S →∞, giving:
B(q)
S
|
SAT
=
1
2− q
(23)
The oupation probability (OP), as a funtion of x∗,
for eah energy level of S=5/2 are displayed in gure
3(a)(b)(), for several values of q. Figure 3(d) shown the
same quantity for S=2 and q=0.1. We observe that the
OP does not vanish for negative energy levels (ms > 0),
even for very large values of x∗, in ontrast to what hap-
pens in the ase q=1 (Maxwell-Boltzmann). From gure
3() we an see that, for q=0.1, the OP of the positive en-
ergy states (ms < 0) vanish sharply at the same x
∗
values
as the kinks observed in gure 1. This ours for q<0.5.
Therefore, we orrelate the kinks observed on the mag-
netization urves to the lost of oupation of the most
energeti states. This is onsequene of Tsallis' ut-o.
In fat, from Eq.19, the x∗ values where the kinks ours
an be derived, following:
xkinksms =
S
|ms|(1− q)
(24)
It is to be remarked that for a half-integer spin, S+1/2
kinks our, and S for an integer spin.
Figure 4(a)(b) display, respetively, the unormalized
(Eq.4) and normalized (Eq.10) entropy Sq, for S=5/2
and dierent q values. Note that, for q<0.5, the kinks
disussed before are present. Besides, for any q<1, the
entropy does not vanish in the limit x∗
−1
→ 0. In other
words, even for high eld and/or low temperature, the
system has a nite entropy, whih prevents a fully mag-
netized state. These features are valid for both entropy
funtionals (setion II).
A general expression for the magneti suseptiblity an
be dedued from Eq.3 and Eq.18:
χq = lim
B→0
[
∂〈µˆz〉q
∂B
]
=
C(q)
T
(25)
where C(q) = qC(1) is the generalized Curie onstant.
Figure 5 displays χ−1q as a funtion of x
∗−1
for q=1.0 and
0.8, with S=5/2.
In order to ompare the preditions of the proposed
model to experimental data, we must investigate how
the magneti observables disussed before sales upon
inreasing the number of partiles in the system. An
extensive quantity F sales as
FN = NF1 (26)
where N is the system number of partile.
Partiularly useful for the purpose of omparison, is
the magneti suseptibility. Portesi et al.[16℄ and No-
bre et al.[17℄, onsidered the generalized magnetization
on paramagneti fase of a N 1/2-spin system in the un-
ormalized formalism[2, 15, 16, 17, 23℄. They found for
χq:
χq =
C(q)
S=1/2
T
2N(1−q) (27)
4where,
C(q)
S=1/2
=
(gµ
B
)2
4k
Nq (28)
and T = 1/kβ is the temperature of the system. Here,
β is the usual Lagrange parameter assoiated to the non-
normalized onstraint of internal energy.
Therefore, as N inreases, the magneti suseptibility
beomes innity for q<1 and zero for q>1. In other
words, there is no linearity among χq and N. This phe-
nomenon is alled dark magnetism, in analogy to the
osmologial onept of dark matter [[16℄ and referenes
there in℄.
S. Martínez et al.[18℄, analyzed the paramagneti be-
havior of the same N 1/2-spin system, however, within
the normalized formalism[15, 23℄, and found a similar
result as Portesi and Nobre for χq.
Our proposal is that the paramagneti behavior of a
non-extensive N 1/2-spin system should be analyzed in
the normalized formalism, using the density operator de-
sribed in Eq.13, taking β∗, instead β, inversely propor-
tional to the system temperature T. By doing so, the
generalized paramagneti suseptibility beomes:
χq =
C(q)
S=1/2
T
(29)
whih does not diverge as N inreases, and is indeed
proportional to N. Besides, this result is independent of
the hoie for the funtional entropy.
IV. POSSIBLE CONNECTION TO
EXPERIMENTAL RESULTS
Amaral et al.[19℄ disussed the magneti behavior of
manganese oxides, namely, La0.67Ca0.33MnO3 and veri-
ed steps on the urve of M
−1
vs. T in the paramagneti
phase, as shown in gure 6(a). These steps are analogue
to those shown on gure 6(b), that represents also the in-
verse of magnetization as a funtion of x∗−1, for q=0.1,
and enourage the idea of manganites as non-extensive
objets[21℄. The authors relate the hange in the slope
of the urve as an indiation of luster formation, whih
hange the eetive moment of Mn ions. These lus-
ters ould give rise to fratal strutures, as disussed by
Dagotto[28℄, and therefore are in aordane to the ideas
disussed here.
In addition, Hébert et al.[20℄ found magnetization
urves in Pr0.5Ca0.5Mn0.95Ga0.05O3 that are also in qual-
itative agreement to those urves in gure 1.
V. CONCLUSION
In summary, we investigated the properties of a para-
magneti S-spin system under Tsallis generalized statis-
tis, on the normalized formalism. For q<0.5, a series of
kinks appears in magnetization and entropy. This eet
is a diret onsequene of a peuliar oupation proba-
bility, as a result of Tsallis' ut-o, where the positive
energy states (ms < 0) vanish sharply. Additionally, the
negative energy states (ms > 0) share non-zero oupa-
tion probability, preventing a fully magnetized state and
the saturation magnetization dereases with dereasing
q. We present evidenes based on experimental results
of Amaral et al.[19℄ and Hébert et al.[20℄ whih add and
support our previous publiation[21℄, where manganites
are suggested to be magnetially non-extensive objets.
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Figure 1: Generalized Brillouin funtion for several q
values and S=5/2, as a funtion of x∗.
Figure 2: Saturation magnetization B(q)
S
|
SAT
as a q
funtion, for (a)half-integer and (b)integer S values.
Figure 3: Probability of oupation of eah energy
level, for (a)(b)() S=5/2 and (d) S=2, as a funtion
of x∗, and various values of q.
Figure4: (a) Unormalized (Eq. 4) and (b) normalized
(Eq. 10) entropy Sq, for S=5/2 and dierent q values, as
a funtion of x∗
−1
.
Figure5: Inverse of suseptibility for (a) q=1.0 and 0.8,
for S=5/2, as a x∗
−1
funtion.
Figure6: (a) Temperature dependene of the in-
verse suseptibility for the manganite La2/3Ca1/3MnO3,
above the Curie temperature ( 267 K), at low magneti
eld. (b)Inverse of magnetization (Eq.18) as a funtion
of x∗−1, for q=0.1
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